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a b s t r a c t
New explicit exponential stability conditions are obtained for the nonautonomous linear
equation
x˙(t)+ a(t)x(h(t)) = 0,
where h(t) ≤ t and a(t) is an oscillating function.
We apply the comparisonmethod based on the Bohl–Perron type theorem. Coefficients
and delays are not assumed to be continuous.
Some real-world applications and several examples are also discussed.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction
In this paper we continue the study of stability properties of differential equations with variable delays and coefficients
which was begun in [1–5].
Here we consider the equation with one delay
x˙(t)+ a(t)x(h(t)) = 0, t ≥ 0, (1)
where h(t) ≤ t and a(t) is an oscillating function. Equations with oscillating coefficients appear in linearizations of
Population Dynamics models with seasonal fluctuations, where during some seasons the death or harvesting rates may
be greater than the birth rate. Some of such models will be considered in this paper.
There are many interesting and important results for linear scalar equations with several delays, where the sum of the
coefficients is a nonnegative function (see, for example, [1–9] and references therein).
We know only one paper [10] where Eq. (1) with an oscillating coefficient was considered. However, in [10] it was
assumed that for some positive number p > 0∫ ∞
0
|a(s)|pds <∞.
This condition in particular does not hold for periodic coefficients a(t).
We apply another condition, which uses a variation of some nonmonotone function. This condition is suitable for
oscillating periodic, almost periodic and asymptotically periodic coefficients. Our method is based on the Bohl–Perron
theorem, see Lemma 1 below.
All results of the present paper are obtained under the assumption that the coefficient and the delay in (1) aremeasurable
and solutions are absolutely continuous functions.
∗ Corresponding author. Tel.: +1 403 220 3956; fax: +1 403 282 5150.
E-mail address:maelena@math.ucalgary.ca (E. Braverman).
0893-9659/$ – see front matter© 2009 Elsevier Ltd. All rights reserved.
doi:10.1016/j.aml.2009.07.007
1834 L. Berezansky, E. Braverman / Applied Mathematics Letters 22 (2009) 1833–1837
2. Preliminaries
We consider scalar linear equation (1) and for each t0 ≥ 0 the initial value problem
x˙(t)+ a(t)x(h(t)) = f (t), t ≥ t0, (2)
with the initial function and the initial value
x(t) = ϕ(t), t < t0, x(t0) = x0, (3)
under the following conditions:
(a1) a(t), f (t) are Lebesgue measurable essentially bounded functions on [0,∞);
(a2) h(t) is a Lebesgue measurable function,
h(t) ≤ t, sup
t≥0
[t − h(t)] <∞;
(a3) ϕ : (−∞, 0)→ R is a Borel measurable bounded function.
Definition. A locally absolutely continuous function x : R→ R is called a solution of problem (2) and (3) if it satisfies Eq. (2)
for almost all t ∈ [t0,∞) and equalities (3) for t ≤ t0.
Definition. Eq. (1) is (uniformly) exponentially stable, if there exist K > 0 and λ > 0, such that any solution of (1) and (3)
has the estimate
|x(t)| ≤ Ke−λ(t−t0)
(
|x(t0)| + sup
t<t0
|ϕ(t)|
)
, t ≥ t0, (4)
where K , λ do not depend on t0.
Let us introduce some functional spaces on a halfline [11]. Denote by L∞[t0,∞) the space of all measurable essentially
bounded functions on [t0,∞)with the essential supremum norm
‖y‖L∞ = ess sup
t≥t0
|y(t)|,
by C[t0,∞)—the space of all continuous bounded functions on [t0,∞)with the sup-norm.
The following lemma is a Bohl–Perron type theorem.
Lemma 1 ([12,13]). Suppose there exists t0 ≥ 0 such that for any f ∈ L∞[t0,∞) the solution of the problem
x˙(t)+ a(t)x(h(t)) = f (t), t ≥ t0, x(t) = 0, t ≤ t0, (5)
belongs to C[t0,∞). Then Eq. (1) is exponentially stable.
Further we will use the notion of variation Vara≤t≤bg(t) of a scalar function g(t) on the interval [a, b] and its properties;
see, for example, [14].
Lemma 2 ([14]).
(1) Vara≤t≤bg(t) = Vara≤t≤cg(t)+ Varc≤t≤bg(t), a < c < b.
(2) If g(t) is a monotone function on [a, b] then Vara≤t≤b g(t) = |g(b)− g(a)|.
(3) If g(t) is a differentiable function with an integrable derivative on [a, b] then Vara≤t≤b g(t) =
∫ b
a |g ′(s)|ds.
3. Explicit stability condition and examples
Theorem 1. Suppose the equation x˙(t)+ a(t)x(t) = 0 is exponentially stable and
lim sup
u→∞
(
sup
t≥u
∫ t
h(t)
|a(s)|ds sup
t≥u
Varu≤s≤te−
∫ t
s a(τ )dτ
)
< 1. (6)
Then Eq. (1) is exponentially stable.
Proof. Inequality (6) implies that for some u ≥ 0
sup
t≥u
∫ t
h(t)
|a(s)|ds sup
t≥u
Var
u≤s≤t e
− ∫ ts a(τ )dτ < 1, t ≥ u.
Without loss of generality we can assume u = 0.
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In order to apply Lemma 1, we rewrite Eq. (5) in the form
x˙(t)+ a(t)x(t)− a(t)
∫ t
h(t)
x˙(s)ds = f (t).
After substituting x˙ from (5) we obtain
x˙(t)+ a(t)x(t)+ a(t)
∫ t
h(t)
a(s)x(h(s))ds = g(t),
where g(t) = f (t)+ a(t) ∫ th(t) f (s)ds. Conditions (a1) and (a2) imply g ∈ L∞[0,∞). We have
x(t)+
∫ t
0
e−
∫ t
s a(τ )dτa(s)
∫ s
h(s)
a(ζ )x(h(ζ ))dζds = r(t),
where r(t) = ∫ t0 e− ∫ ts a(τ )dτ g(s)ds. Exponential stability of x˙(t) + a(t)x(t) = 0 yields that ∫ t0 e− ∫ ts a(τ )dτ g(s) ds is bounded
for any g ∈ L∞[0,∞), so r ∈ L∞[0,∞). The last equation can be rewritten as
x(t)+
∫ t
0
[∫ s
h(s)
a(ζ )x(h(ζ ))dζ
]
ds
(
e−
∫ t
s a(τ )dτ
)
= r(t). (7)
Eq. (7) has the form
x+ Hx = r, (8)
where for operator H we have the estimate
‖Hx‖L∞[0,∞) ≤
(
sup
t≥0
∫ t
h(t)
|a(s)|ds
)(
sup
t≥0
Var0≤s≤te−
∫ t
s a(τ )dτ
)
‖x‖L∞[0,∞).
Hence ‖H‖ < 1 in the space L∞[0,∞). Then the operator I +H is invertible in the space L∞[0,∞)with a bounded inverse
(I + H)−1.
Hence for the solution of (8) we have x = (I + H)−1r ∈ L∞[0,∞). But this function is also a solution of Eq. (5). By
Lemma 1 Eq. (1) is exponentially stable. 
Corollary 1. Suppose the equation x˙(t)+ a(t)x(t) = 0 is exponentially stable and
lim sup
u→∞
[(
sup
t≥u
∫ t
h(t)
|a(s)|ds
)(
sup
t≥u
∫ t
u
e−
∫ t
s a(τ )dτ |a(s)|ds
)]
< 1. (9)
Then Eq. (1) is exponentially stable.
Proof. By Part 3 of Lemma 2 we have
Varu≤s≤te−
∫ t
s a(τ )dτ =
∫ t
u
∣∣∣∣ ∂∂s (e− ∫ ts a(τ )dτ)
∣∣∣∣ ds = ∫ t
u
e−
∫ t
s a(τ )dτ |a(s)|ds. 
Remark. If a(t) ≥ 0, then condition (9) becomes
lim sup
t→∞
∫ t
h(t)
a(s)ds < 1. (10)
It is well known that 1.5 is the best possible constant on the right-hand side of (10) which implies exponential stability of
(1) for a(t) > 0. We propose the conjecture that the constant 1 in Theorem 1 and its corollary can be replaced by 1.5 which
is the best possible constant.
Let us discuss some applications of Eq. (1) in real-world models.
First, let us consider a modified delay logistic equation (the Hutchinson equation) where the per capita growth rate 1N
dN
dt
is a sum of two terms: r(t)(1 − N(h(t))/K) defines the dependence on the available resources t − h(t) time units before,
while d(t)(N(h(t))/M− 1) describes a positive impact of higher population size on survival due to the group defense of the
offspring from predators. For simplicity assumingM = K , we obtain the equation
N˙(t) = [r(t)− d(t)]N(t)
[
1− N(h(t))
K
]
, (11)
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which after the substitution N(t) = K(1+ x(t)) becomes
x˙(t) = −[r(t)− d(t)]x(h(t)) (1+ x(t)) , (12)
its linearized form is (1), with a(t) = r(t)− d(t).
Second, let us consider the model with saturation growth (which may correspond to the Type II Holling functional
response of a predator population, when the prey population is constant) and a delayed harvesting term
N˙(t) = r(t)N(h(t))
1+ N(h(t)) − d(t)N(g(t)), (13)
where t − h(t) is a maturation delay, t − g(t) is the delay between the time when the population size is reported (and
thus hunting licenses are issued) and the harvesting process. Assuming g(t) = h(t) and linearizing (13), we obtain (1) with
a(t) = d(t) − r(t). In both models (11) and (13) the coefficient a(t) = ±[d(t) − r(t)] of the linearized equation can be
oscillating. For example, in (11) this can mean that the importance of available resources can prevail during some seasons,
while the possibility of the group defense can be crucial for the other time periods. Function a(t) can be smoothly oscillating
about its expectancy value (Example 1) or switch between two values, one of them is positive and the other is negative
(Example 2).
Example 1. Consider the equation
x˙(t)+ a(b− sin t)x(t − pi) = 0, (14)
where a > 0, 0 < b < 1. Condition (9) holds if(
sup
t≥0
∫ t
t−pi
|a(b− sin s)|ds
)
sup
t≥0
(
e−a(bt+cos t)
∫ t
0
ea(bs+cos s) |b− sin s| ds
)
< 1. (15)
We have supt≥0
∫ t
t−pi |a(b− sin s)|ds = a(bpi + 2). Hence if the following inequality holds
a2(bpi + 2) sup
t≥0
(
e−a(bt+cos t)
∫ t
0
ea(bs+cos s) |b− sin s| ds
)
< 1, (16)
then Eq. (14) is exponentially stable.
Remark. To find integral in (16) one can apply MATLAB. In particular Eq. (14) is exponentially stable for b = 0.9 and all
a ∈ (0, 0.2). Numerical solution of Eq. (14) confirms stability for b = 0.9, a ∈ (0, 0.38) and instability for a ≥ 0.4.
Inequality (16) holds if ae2a(bpi + 2) b+1b < 1. In the above case this gives a ∈ (0, 0.08) for b = 0.9.
In Example 1 the coefficient a(t)was a periodic continuous function. In the next example we consider an equation with
a periodic discontinuous function. In this case, may be more suitable, apply condition (6) then (9).
Example 2. Consider the equation
x˙(t)+ a(t)x(t − τ) = 0, where a(t) =
{
α, 2n ≤ t ≤ 2n+ 1,
−β, 2n+ 1 < t < 2n+ 2. (17)
Here 0 < τ ≤ 1, α > β > 0, n = 0, 1, 2, . . ..
To apply Theorem 1 let us estimate lim supt→∞ Var0≤s≤te−
∫ t
s a(ζ )dζ . Since the exponential function is monotone in
[m,m+ 1], then it is sufficient to evaluate
lim
m→∞Var0≤s≤me
− ∫ ms a(ζ )dζ , m = 1, 2, . . . .
Suppose firstm = 2n, n = 1, 2, . . . . Since
e−
∫ 2n
s a(ζ )dζ =

e−n(α−β), s = 0,
e−[(n−1)(α−β)−β], s = 1,
e−(n−1)(α−β), s = 2,
. . .
eβ , s = 2n− 1,
1, s = 2n,
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then
Var0≤s≤2ne−
∫ 2n
s a(ζ )dζ = 2 [e−[(n−1)(α−β)−β] + e−[(n−2)(α−β)−β] + · · · + eβ]
− 2 [e−(n−1)(α−β) + e−(n−2)(α−β) + · · · + e−(α−β)]− e−n(α−β) − 1
= 2e
β
(
1− e−n(α−β))
1− e−(α−β) −
2e−(α−β)
(
1− e−n(α−β))
1− e−(α−β) − e
−n(α−β) − 1.
Thus as n→∞we have
lim
n→∞Var0≤s≤2ne
− ∫ 2ns a(ζ )dζ = 2eβ
1− e−(α−β) −
2e−(α−β)
1− e−(α−β) − 1
= 2e
β − e−(α−β) − 1
1− e−(α−β) = A.
Ifm = 2n+ 1 then by the same calculations we have
lim
n→∞Var0≤s≤(2n+1)e
− ∫ 2n+1s a(ζ )dζ = e−(α−β) − 2e−α + 1
1− e−(α−β) = B.
Since A > B, then
lim sup
t→∞
Var0≤s≤te−
∫ t
s a(ζ )dζ = A.
As τ ≤ 1 and α > β > 0, we have
sup
t≥0
∫ t
h(t)
|a(s)|ds = ατ .
Hence Eq. (17) is exponentially stable if(
2eβ − e−(α−β) − 1)ατ
1− e−(α−β) < 1.
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